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The disordered many-body systems can undergo a transition from the extended ensemble to a
localized ensemble, known as many-body localization (MBL), which has been intensively explored in
recent years. Nevertheless, the relation between Anderson localization (AL) and MBL is still elusive.
Here we show that the MBL can be regarded as an infinite-dimensional AL with the correlated
disorder in a virtual lattice. We demonstrate this idea using the disordered XXZ model, in which
the excitation of d spins over the fully polarized phase can be regarded as a single-particle model in
a d dimensional virtual lattice. With the increasing of d, the system will quickly approach the MBL
phase, in which the infinite-range correlated disorder ensures the saturation of the critical disorder
strength in the thermodynamic limit. From the transition from AL to MBL, the entanglement
entropy and the critical exponent from energy level statics are shown to depend weakly on the
dimension, indicating that belonging to the same universal class. This work clarifies the fundamental
concept of MBL and presents a new picture for understanding the MBL phase in terms of AL.
Disordered many-body localized state, known as many-
body localization (MBL) [1, 2], can be regarded as an
elegant conceptual marriage of single-particle Anderson
localization (AL) [3–5] and many-body interaction. The
origin of this MBL may be understood in terms of inte-
grals of motion from the emergent integrability [6], and in
some particular cases can be regarded as the fixed point
of some renormalization group. In experiments [7–10],
the transition between the ergodic phase and the MBL
phase and their stability are examined on various artifi-
cially engineered platforms. The long-time slow growth
of entanglement entropy (EE), an important property of
the MBL phase, has also been observed in recent exper-
iments by superconducting qubits [11], ultracold atoms
[12] and trapped ions [13].
These two localizations possess several intimate simi-
larities: both systems lack ergodicity [14, 15] and their
energy level spacings are described by Wigner surmise
in random matrix theory [16]. These features make the
entropy satisfy the area law, instead of volume law [17].
The MBL may be regarded as some kind of AL in the
Fock space [1, 18], in which AL and MBL may coex-
ist [18, 19]. However, a large body of theoretical results
are pointing to some multifaceted features that these two
concepts are fundamentally different. For instance, MBL
can be realized without single-particle AL [20]. While
any random disorder can induce AL in one dimensional
model, a finite disorder strength is required for MBL [21],
which is more resemblance to three dimensional AL. It
seems that the dimension is an unimportant degree of
freedom in MBL since this phase can also be realized in
quantum dot [19, 22]. To date, the central concept that
the relation between these two localizations is elusive and
a consensus definition of MBL is still lacked.
Here we present an idea that the MBL can be regarded
as an infinite-dimensional AL with the correlated disor-
der in a virtual lattice by the Fock states. We demon-
strate this conclusion using the widely studied random
XXZ model, in which the excitation of d spins over the
fully polarized state can be mapped to a d dimensional
tight-binding model with infinite-range correlated disor-
der. By varying d from 1 to infinity, we observe a sharp
transition from AL to MBL. The MBL is characterized by
the energy level spacing ratio, with Wc(d→∞)→ 3.817
based on extrapolation to a large d limit. During the
crossover from AL to MBL, the critical exponent for en-
ergy level statistics is shown to dimension independent.
The infinite-range correlated disorder induce the satura-
tion of Wc with the increasing of dimension. The dy-
namics of EE is shown to be a smooth crossover from AL
to MBL. These features indicate that the AL and MBL
belong to the same universal class. Our results establish
a clear relation between AL and MBL, which has an im-
portant application in understanding the MBL phase in
various models.
MBL and the equivalent AL in the virtual lattice. In
MBL, symmetry or conserved quantity is essential, which
can decouple the Hamiltonian into different subspaces
with MBL states to be defined therein. We consider the
following widely studied disordered XXZ model [24, 25],
H =
∑
i
J(Sxi S
x
i+1 + S
y
i S
y
i+1) + JzS
z
i S
z
i+1 + hiS
z
i . (1)
We focus on J = Jz = 1, and hi ∈ [−W,W ] is an uniform
random potential. This model has a conserved quantity
Sz =
∑
i S
z
i = −L/2 + d, where d is the number of spin
excitation over the fully polarized state | ↓〉⊗L. It can
be reduced to the interacting Fermi-Hubbard model or
Bose-Hubbard model under some proper transformation,
in which the Sz symmetry is turned to the conservation
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2FIG. 1. MBL as an infinite-dimensional AL in the virtual lattice. (a) New picture for MBL from the viewpoint of AL.
The MBL phase studied in previous literature with d = L/2 spin excitation in the long-chain limit can be realized by the two
steps along the horizontal and vertical arrows. (b) and (c) show the equivalent virtual lattice with d = 2 and 3, respectively.
The arrows indicate the hopping between neighboring sites, and the light points indicate the unphysical regime. This idea can
be straightforwardly generalized to any dimension with fermion and boson, and even models with Z2 symmetry [23].
of the total number of particles [14, 26]. For this reason,
our picture for MBL can also be applied to the fermion
and boson models. In the case of XYZ model with Z2
symmetry, which corresponds to the fermion and boson
models with pairings, these subspaces characterized by
Sz are coupled. In this case, the subspace Sz = 0 (or
d = L/2) has the largest weight. Thus even in this limit,
it can still be regarded as an infinite-dimensional AL.
These concepts are explained in details in S3 [23], demon-
strating the generality of our picture for MBL even with
other symmetries or with other models.
Here we will look at this phase transition in a different
way (see illustration in Fig. 1 (a)). The previous liter-
ature explores the physics along the line d = L/2 (thus
Sz = 0). This limit can also be reached in a different way
using two steps (see the horizontal arrow and vertical ar-
row). Firstly, for fixed d, we can map the model to a d
dimensional lattice model, in which the critical disorder
strength and the other quantities can be determined from
the scaling of system size L. Then, we can explore these
quantities by increasing the dimension d to infinity. This
two-step method enables us to study the crossover from
AL to MBL, giving a new relation between them. For
d = 0, the quantum state is | ↓〉⊗L. For d = 1, the wave
function can be written as
ψ1 =
L∑
n=1
cnS
+
n | ↓〉
⊗
L ≡
L∑
n=1
cn|φn〉, (2)
under periodic boundary condition cn = cn+L. It is im-
portant to notice that ψ1 in the above equation is also
the solution of the following tight-binding model,
H1 =
L∑
n=1
J
2
(cˆ†ncˆn+1 +h.c.)+
L∑
n=1
(E0−Jz +ξn)cˆ†ncˆn, (3)
where E0 =
Jz
4 L, ξn = hn and cˆ
†
n (cˆn) is the creation
(annihilation) operator at site n. Noticed that a con-
stant potential η = −∑Ln hn2 is discarded. The physics
in this model is well known that with the random disor-
der the extended eigenstate is strictly forbidden [3, 5, 27],
thus Wc = 0. The transition from localized phase to the
extended phase can be realized in d = 1 only with incom-
mensurate potential in experiments [28, 29].
This equivalent principle is quite general and can be
realized even for d > 1, in which the excitation of d parti-
cles can be regarded as the hopping in the d dimensional
lattice with correlated disorder. To this end, let us define
n = (n1, n2, · · · , nd), then the state with d spin excita-
tions can be written as
ψd =
N∑
n
cns
+
n1s
+
n2 · · · s+nd | ↓〉⊗L ≡
N∑
n
cn|φn〉. (4)
with the same periodic boundary conditions cn1n2···nd =
cn2n3···nd,n1+L . One should be noticed that the number
of lattice sites in the physics space is N = CdL. The
virtual lattice for d = 2, 3 are shown in Figs. 1 (b) and
(c), respectively. Noticed that in the definition of this
state, we have imposed ni ≤ ni+1 for 1 ≤ i ≤ d − 1,
thus the virtual lattice is only defined in a small lattice
regime. This boundary maybe important for the study
of the MBL phase in a finite lattice system, while in the
large L limit, its role will become negligible (S3 [23]).
The equivalent tight-binding model for |φn〉 is given by
Hd =
∑
〈n,n′〉
J
2
(cˆ†ncˆn′ + h.c.) + [ξn−Jz(d−
∑
i
δmi,1)]cˆ
†
ncˆn,
(5)
where hopping (〈·〉) is allowed between neighboring sites
(see the red arrows in (b) and (c) of Fig. 1), mi = ni+1−
ni, with random potential
ξn =
d∑
i=1
hni , (6)
and the constant potential E0 and η are discarded. We
see that the many-body interaction Jz and the random
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FIG. 2. Energy level statistics and the participation ratio of wave functions. In the upper panel, (a) - (c) show the
universal scaling of 〈r〉 using Eq. 8, from which Wc and ν are extracted. (d) show the distribution of PGOE and PPE (see Eq,
9). In the down panel, (e) - (f) show participated ratio 〈S2〉 as a function of lnN . (g) and (h) show the fitted value of a2 and
b2 for different d. All data are averaged by 500 - 6000 realizations.
potential hi appear in the on-site random potential in
the virtual lattice. The correlation between the random
potential is given by
〈ξnξn′〉 = 〈
d−k∑
ni 6=n′j
hnihn′j 〉+ 〈
k∑
ni=n′j
h2ni〉 =
kW 2
3
, (7)
which indicates of infinite-range correlation with k ≤ d.
We show in Ref. [23] that the on-site random potential
may also be realized by the random many-body interac-
tion [20, 30], in which the single-particle AL is strictly
absent. Thus our model unifies the physics of random
on-site potential and random interaction.
This picture yields a new definition of MBL. It can
be regarded as some kind of conceptional extension of
the previous model for MBL based on the Fock state in
the Bethe lattice (BL) [31]. In this construction, one can
define |G〉 = |N−1〉 as a ground state withN−1 particles,
then the (2n− 1)-th generation of the Fock state can be
defined as Yi1,··· ,inj1,··· ,jn−1 = cˆ†i1 · · · cˆ†in cˆj1 · · · cˆjn−1 |G〉 [19, 23].
These generations can form a lattice structure (see S6
[23]), which under some approximation can be simplified
to the cycle-free BL. Recent investigation has revealed
the intimate relation between AL in the BL with on-site
random potential and MBL [32]; nevertheless, it fails to
describe the relationship between the AL and MBL. In
our model, the Fock state is used, however, without the
need of ground state |G〉; and the node is arranged in a
d dimensional virtual lattice, thus the crossover from AL
to MBL can be realized by increasing of dimension d.
Phase transition and crossover from AL to MBL. To
characterize the transition from the ergodic phase to
the ergodic breaking phase in the d dimensional vir-
tual lattice, we use the widely explored r-statistics r =
min(si+1, si)/max(si+1, si), with si = Ei+1 − Ei ({Ei}
sorted in ascending order) [33]. In the ergodic phase
by the Gaussian orthogonal ensemble (GOE), 〈r〉GOE =
0.5307. In contrast, in the MBL phase with Poisson en-
semble (PE), 〈r〉PE = 0.3863. Our results for d = 3, 6,
10 are presented in Figs. 2 (a) - (c); more details can be
found in Ref. [23]. In these figures, we have adopted the
scaling ansatz [21]
〈r〉 = f [(W −Wc)L1/ν ]. (8)
With this method, we can obtain Wc and its correspond-
ing critical exponent ν for different dimensions. In Fig.
2 (d), these two curves collapse to the universal form in
the two ensembles [33]
PGOE(r) =
27(r + r2)
4(1 + r + r2)5/2
, PPE(r) =
2
(1 + r)2
. (9)
In Fig. 3, we show the Wc and ν for d = 3 − 12; the
cases for d = 1, 2 are not presented since Wc = 0 [23].
We find that with the increasing of d, Wc will saturate
to a finite value. This evolution can be described by
Wc(d) = Wc(∞) + αd−β . (10)
In this fitting with data for d = 6 − 12 (dashed line
in Fig. 3; see also S1 [23]), we obtain β = 4.396 and
Wc(∞) = 3.817. This critical value is slightly greater
than Wc = 3.72 for L ≤ 22 in Ref. [21] and Wc = 3.8 for
L ≤ 24 in Ref. [34, 35] coming from the finite size effect
(see the open symbols based on exact diagonalization for
L ≤ 14, 16 and 18; and the scaling of Wc as a function
of L in Fig. S4 [23]). This is an expected feature since
in the previous literature, the choose of subspace with
Sz = 0 is not compulsory and in principle the same phase
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FIG. 3. Smooth crossover from AL to MBL. The relation
between 1/d and Wc is presented by blue squares. The dashed
line is the best fitting using Eq. 10, yielding Wc(∞) = 3.817,
α = −3794 and β = 4.396. Here Wc is slightly greater than
Wc = 3.72 by Luitz et. al. [21] and Wc = 3.8 by Mace´ et. al.
[34, 35]. The green circles are results from the transfer matrix
(see Ref. [23]). The inset shows the corresponding critical
exponents ν, which are almost independent of dimension d.
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FIG. 4. Information scrambling from the dynamics
of half-chain EE in the crossover from AL to MBL.
(a) and (b) show the scrambling of EE with W = 0.5 (in the
ergodic phase) and W = 5.0 (in the MBL phase) as a function
of d. For the ergodic phase we observe the power-law growth
of EE S(t) before saturation; while in the MBL phase, we see
a logarithmic growth of S(t) in the long time dynamics. All
results are averaged by 2000 realizations for L = 16.
transition can be found for the other Sz. This is in stark
contrast to the physics in AL with the uncorrelated disor-
der, in which Wc(d) ∝ d ln d is expected [3, 5, 36, 37]. We
also find that ν are almost unchanged (see inset of Fig.
3), which is also different from the previous literature
that ν depends on the dimension [37, 38]. In our model,
it is only when d ≥ 6 that the exponent can satisfy the
Harris bound. For these reasons, the infinite-range cor-
related disorder plays an important role in MBL and the
associated saturation of d in the thermodynamic limit.
One may naturally ask that why in the standard three
dimensional AL, Wc(3) ' 16.5 and Wc(d) ∝ d ln d in
high dimensions [38], which is much larger than Wc in
our model for MBL. In some models (such as the Aubry-
Andre´ model [39, 40]), the correlated disorder is expected
to increase the value of Wc. To address this issue, we em-
ploy the transfer matrix to extract the value of Wc (see
S4 [23]). This method is limited by the finite size effect
along the transverse direction. Our numerical results for
d = 3−5 are presented by green circles, which are signif-
icantly smaller than the value obtained from r-statistics.
In this method, one can see that all the Ld−1 cross sec-
tions are identical, thus will not induce strong scattering
between neighboring cross sections, for which reason the
physics is more approaching the condition with low di-
mension, hence Wc is small.
This saturation behavior may also be reflected from
the wave function statistics, which are characterized by
the participation entropies Sq [21, 41],
Sq =
1
1− q ln(
∑
n
|cn|2q), (11)
via ψd = (c1, c2, c3, · · · , cN )T in the virtual lattice. This
quality characterizes the localization of the wave function
in the virtual lattice with multifractal structure. In the
limit q → 1, this definition yields the Shannon entropy
S1 = −
∑
n |cn|2 ln |cn|2; while for q = 2, it gives S2 =
− ln(IPR), with IPR = ∑n |cn|4 being the inverse partic-
ipation ratio in the virtual lattice [27, 42]. In the ergodic
ensemble, ci may satisfy the Gaussian distribution in the
ergodic phase [43]: W (ci) = (N/2pi)1/2 exp(−N c2i /2),
which yields S2 = lnN − 1.0987. In the fully localized
phase, ci may be described by the Lorentz distribution
[23]: Wc = γ/[pi(c
2
i + γ
2)], where γ ∼ δ/N , and we have
S2 = ln(
3pi
2δ ) +O(1/N ). This Lorentz distribution is also
consistent with that in the three dimensional AL model
[23]. Between these two regimes, S2 can be well formu-
lated using S2 = a2 lnN + b2, with 0 ≤ a2 ≤ 1, thus
δ = 3pi
2eb2Na2 , which depends weakly on the system size.
Our results for d = 3 and 6 are shown in Fig. 2 (e) and
Fig. 2 (f). With the increasing of d, we find that a2 will
changes more and more slow during the transition from
the ergodic phase to the MBL phase. Especially, in the
MBL limit, they will approach the same limit (see (g) and
(h) in Fig. 2). The saturation of a2 and b2 also indicate
5a smooth crossover from AL to MBL. This is expected
since the AL will quickly the MBL phase as revealed from
Eq. 10. We have also studied the multifractal structure
of wave function in S3 [23], which agrees well with the
physics in single-particle AL.
MBL from dynamics of EE. Finally, we explore the
smooth crossover from AL to MBL from the dynam-
ics of EE, which measures the information scrambling
with quenched disorder. For two subsystems A and B,
the reduced density matrix for the state |ψ〉, is ρA =
TrB(|ψ〉〈ψ|). Then the Von Neumann EE for this par-
tition is given by S = Tr(ρA ln ρA) [44]. To study the
dynamics of EE, we choose the Ne´el state as the ini-
tial state, and at time t, the wave function is obtained
through |ψ(t)〉 = e−iHt|ψ(0)〉. In Fig. 4, we show the
〈S(t)〉 for different dimensions. In the ergodic phase (Fig.
4 (a)), we observe a power-law growth of EE in a short
time, which quickly saturate; while in the MBL phase
(Fig. 4 (b)), we see a clear logarithmic growth of 〈S(t)〉
in the long time limit [44, 45]. In Ref. [12], the long-time
logarithmic growth of EE is understood in terms of con-
figuration entropy. As compared with the weak disorder
condition, the EE is significantly reduced with the strong
disorder, indicating that there is no heating in the system
and the memory of the initial state is preserved during
the dynamics [11–13, 46]. The small difference in EE for
different d indicate that the physics with different d be-
long to the same universality, thus no phase transition
has happened during their crossover.
Conclusions. In this work, we demonstrate that the
MBL can be regarded as an infinite-dimensional AL in
the virtual lattice with infinite-range correlated disorder.
With the increasing of dimension, we find the critical
disorder strength will quickly approach the MBL limit
Wc(∞) = 3.817. The infinite-range correlation ensures
the saturation of Wc with the increasing of d. We also
demonstrate the smooth crossover from AL to MBL by
investigating the dynamics of half-chain EE, in which the
different dimensions exhibit similar scaling of EE in the
same phase. Our results provide a new definition of MBL
and give a new theoretical basis for exploring the relation-
ship between AL and MBL experimentally. These high
dimension physics may be explored using quasiperiodic
kicked rotor [47, 48]. Since AL in d ≥ 3 is well defined
[3, 5], we expect the phase transition from ergodic phase
to the MBL phase is also well defined, nevertheless, since
localization happens in the virtual lattice, the mobility
edge should also be defined in this space, thus it may not
be reflected from the real space particle diffusion [9, 17].
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S1: Critical disorder strength Wc and the associated critical exponent ν
Here we present some more data for the critical disorder strength Wc and the associated critical exponent ν for
different dimensions d. In Fig. S1, we show that the level spacing statistics r for d = 2, which yields Wc = 0 and
v = 2.15 from the scaling ansatz (Eq. 8 in the main text). This means that in the two-dimensional system, any
random disorder can lead to the fully localized state. In this case, the mean value of r will not reach 〈r〉GOE = 0.5307.
In Fig. S2, we show the distribution of 〈r〉 as a function of the disorder W for dimensions d = 4, 5, 7, 8, 9, 11. In Fig.
S2 (a) - (f), we show the transition from the ergodic phase to the MBL phase, where the critical disorder strength near
the crossing point is marked by gray shaded regimes. Using finite size scaling ansatz, we obtain the critical disorder
strength Wc and the associated critical exponent ν, showing in Fig. S2 (g) - (l). A complete summary of these values
and their variances are presented in Table S1. We find that while the critical disorder strengths depend strong on the
dimension, the corresponding exponents are shown to be (almost) independent of d.
We can extract the critical disorder strength in the MBL phase for d→∞ using the following fitting
Wc(d) = Wc(∞) + αd−β , (S1)
for d = 6 − 12, which yields Wc(∞) = 3.817, α = −3794 and β = 4.396 (see Fig. S3). In Fig. S4 (a) - (c), we show
the MBL transition along d = L/2 for L ≤ 14, L ≤ 16 and L ≤ 18, respectively. This method has been used in the
previous literature for the searching of Wc. We find that the exponent ν obtained in this way is the same as that in
Fig. S2. In this fitting, we find that Wc may depend strongly on the value of L. Using these three points, together
with the data from Luitz et. al. [21] for L ≤ 22 and Mace´ et. al. [34, 35] for L ≤ 24, we can extract the critical
disorder strength in the MBL phase using
Wc(L) = W
′
c(∞) + α′L−β
′
, (S2)
from which we obtain W ′c(∞) = 3.889, α′ = −58410 and β′ = 4.167 (see Fig. S4 (d)). The values of β and β′ in these
two fittings are close to each other. This fitting shows clearly the existence of the saturation point with the increasing
of L; however, notice that since these values are from different sources, the saturation point W ′c(∞) from the second
method is slightly different Wc(∞) from Eq. S1. Nevertheless, this new fitting and the associated saturation point
can still provide valuable insight to confirm the existence of the saturation of Wc when d is approaching infinity, which
is essential for our major conclusion of the main text.
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FIG. S1. Energy level statistics in two-dimension. (a) Show the data for 〈r〉 for different L and (b) show their universal
behavior based on Eq. 8 in the main text. We extract Wc = 0 and ν = 2.15 by the best fitting. The dashed lines in each figure
give 〈r〉GOE = 0.5307 and 〈r〉PE = 0.3863.
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FIG. S2. A summary of energy level statistics and their universal scaling. Here we consider d = 4, 5, 7, 8, 11. In (a)
- (f), the crossing points between different L define the critical boundary between the ergodic phase and the MBL phase (see
the gray shaded regimes). In (g) - (l), we show that all these data can collapse to a single curve based on a single parameter
(W −Wc)L1/ν . In this way, we obtain Wc and ν, which are shown explicitly in each figure.
9TABLE S1. The critical disorder strength Wc ± δW and the critical exponent ν ± δν for different dimensions d .
d 3 4 5 6 7 8 9 10 11 12
Wc 0.726 1.094 1.682 2.38 3.08 3.403 3.59 3.675 3.71 3.74
δW 0.17 0.15 0.142 0.106 0.116 0.092 0.095 0.086 0.08 0.07
ν 0.956 0.929 0.937 0.91 0.934 0.948 0.94 0.935 0.90 0.91
δν 0.04 0.049 0.044 0.042 0.046 0.045 0.038 0.048 0.041 0.037
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FIG. S3. Scaling of the critical disorder strength. The red cross with error bars are the critical disorder strength for
different dimension d from level spacing statistics. The solid line is our best fitting using Eq. S1, which yields Wc(∞) = 3.817,
α = −3794 and β = 4.396. This data is re-plotted in Fig. 3 in the main text as a function of 1/d with the dashed line.
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FIG. S4. MBL transition along the line d = L/2. (a) - (b) show the universal scaling of 〈r〉 for different L using Eq. 8 in
the main text. (d) The red cross with error bars are from (a) - (c) and the filled symbols are given by Luitz et. al. for L ≤ 22
(Wc = 3.72) [21] and Mac et. al. for L ≤ 24 (Wc = 3.8) [34, 35]. The blue solid line is the best for these five points using Eq.
S2, which yields W ′c(∞) = 3.889, α′ = −58410 and β′ = 4.167.
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S2: Analytical results for participation entropies Sq in the weak and strong disorder limits
In the ergodic phase, ci in the wave function ψd = (c1, · · · , cN )T in GOE satisfies the Gaussian distribution (see
Ref. [43])
WGOE(ci) = (A/σpi)
1/2 exp(−Ac2i /σ). (S3)
In Fig. S5 (a) - (d), we present our numerical results for some of these wave function components. We see that the
distribution of ci in the ergodic phase satisfies WGOE(ci), with A ≈ N and σ ≈ 2. However, in the MBL phase, we
find the wave function components satisfy the Lorentz distribution
WMBL(ci) =
1
pi
γ
x2 + γ2
, γ =
δ
N , (S4)
where δ depends weakly on W and N in some way. Some examples are shown in Fig. S5 (e) - (h). Let us assume
Sq =
1
1− q ln(
N∑
n
|cn|2q) = 1
1− q ln(
〈 N∑
n
|cn|2q
〉
N ), (S5)
then in the ergodic phase, we have〈 N∑
n
|cn|2q
〉
=
∫ 1
−1
CWGOE(x)x
2qdx =
2q[Γ(q + 12 ) + Γ(q +
1
2 ,
N
2 )]√
piN qErf(√N/2) , (S6)
where C = Erf(
√N/2) is the normalized constant for |ci| ≤ 1, Erf(x) is the Gauss error function, Γ(·) and Γ(·, ·) are
the Gamma and incomplete Gamma functions, respectively. So for any positive integer q and large N , we have
Sq ' lnN + bq, bq = ln[2
qΓ(q + 1/2)/
√
pi]
1− q . (S7)
which means aq = 1. We find that Eq. S7 is consistent with the numerical results (see Fig. S6). When q = 0,
Γ(1/2) =
√
pi, thus b0 = 0, which is shown in Fig. S7 (a). In the MBL phase with the Lorentz distribution, we find〈 N∑
n
|cn|2q
〉
=
∫ 1
−1
DWMBL(x)x
2qdx =
2F1(1,
1
2 + q,
3
2 + q,− 1γ2 )
(1 + 2q)γ arctan( 1γ )
, (S8)
where D = 2pi arctan(
1
γ ) is the normalized constant for |ci| ≤ 1 and 2F1 is the hypergeometric function. So, we find
Sq =
1
1− q ln[
2F1(1, 1/2 + q, 3/2 + q,−1/γ2)N
(1 + 2q)γ arctan(1/γ)
]. (S9)
For q = 2 and large N , we have
S2 = ln(
3pi
2δ
) +O( 1N ). (S10)
For δ ∈ [1, 2], the result given by Eq. S10 is consistent with the numerical results in Fig. S6. So combined with the
assumption S2 = a2 lnN + b2, we have
δ =
3pi
2eb2N a2 , γ =
3pi
2eb2N 1+a2 (S11)
This relation means that for 0 ≤ a2 ≤ 1, the width of the Lorentz distribution will decrease slightly faster than 1/N .
These two coefficients depend strongly on the value of disorder strength (see Fig. 2 in the main text). This relation
will be useful for us to understand the value of δ in Fig. S5, in which for a2 = 0.1938 and b2 = −0.1201 (the data
for d = 10 and W = 5 from Fig. 2 (g) - (h) in the main text), we have δ = 1.097, in consistent with our estimation
δ ∼ 0.945−1.64. Here the tiny difference comes from the fluctuation of wave function components in the MBL phases.
It is necessary to emphasize that the Gaussian distribution of ci in the ergodic phase and the Lorentz distribution of
ci in the localized phase regime for the results in Fig. S5 can be well reproduced by the three dimensional Anderson
localization model.
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FIG. S5. Statistics of wave function components. The upper panel and down panel have used W = 0.5 and W = 5,
respectively, for L = 14, d = 7, thus N = 3432. In the first, second and third columns, we consider the statistics for c10, c500,
c1700 for eigenstate ψ1400 to ψ2000 (in the middle of the spectra). The last column shows the statistics for all wave function
components from c1 to c3432. In the upper panel, the solid curve is fitted using the Gaussian distribution (Eq. S3) with width
σ/N , and in the down panel, it is fitted using the Lorentz distribution (Eq. S4) with the width by δ/N .
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FIG. S6. Numerical and analytical value of S2. The symbols represent numerical results and the horizontal dashed lines
are given by Eq. S7 for ergodic phase with σ = 1, in which N = C342, C615 and C1115 will give S2 = 8.2498, 7.4196 and 6.1203,
respectively; and Eq. S10 for MBL phase with δ = 1 (with S2 = ln(3pi/2)) and δ = 2 (with S2 = ln(3pi/4)).
S3: Multifractal of the wave function in the virtual lattice across the critical boundary and features identical
to single particle AL
It has been widely explored that during the Anderson transition from the extended phase to the localized phase, the
change of wave function can be reflected from its multifractal structures. In this section, we analysis the multifractal
structure of ψi in the virtual lattice. We can define the q-th moment as [49]
Pq(L) =
∑
i
|ψi|2q ∝ L−τ(q). (S12)
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FIG. S7. Constant term bq in Sq and the dimension of the system from D0. (a) bq as a function of q given by Eq. S7.
(b) D0 as a function of 1/L for d = 3− 12. In the thermodynamic limit L→∞, D0 = d (Eq. S15), which means the negligible
of boundary effect.
The mass exponent τ(q) is defined as
τ(q) = − lim
L→∞
ln〈Pq(L)〉
lnL
≡ d(q − 1) + ∆q ≡ Dq(q − 1), (S13)
where ∆q is the anomalous dimension with ∆0 = ∆1 = 0 and Dq is the generalized fractal dimension. The similarity
dimension D0 equals to the Euclidean dimension, given by
D0 = −τ(0) = ln〈P0(L)〉
lnL
=
ln
∑N
i |ψi|0
lnL
=
lnN
lnL
=
lnCdL
lnL
=
ln L!d!(L−d)!
lnL
. (S14)
For L d, we find that
D0 ' ln[L(L− 1) · · · (L− (d− 1))]
lnL
' ln[L
d(1− d(d−1)2L )]
lnL
' d. (S15)
So, in the thermodynamic limit, we have D0 = d (see S7 (b)). This is slightly different from the d-dimensional
Anderson model with D0 =
lnLd
lnL ≡ d, which is independents of size L. This feature reflects the finite boundary in
our virtual lattice (see Fig. 1 (b) and Fig. 1 (c) in the main text), in which the boundary effect is negligible when L
is large enough. The singularity spectrum f(α) and mass exponent τ(q) are related to each other via the Legendre
transformation,
f(αq) = αqq − τ(q), αq = dτ(q)
dq
(S16)
Numerically, we can evaluate f(αq) and αq by [49]
αq = − lim
L→∞
1
lnL
〈 N∑
k=1
δk(q, L) ln δk(1, L)
〉
, f(αq) = − lim
L→∞
1
lnL
〈 N∑
k=1
δk(q, L) ln δk(q, L)
〉
, (S17)
where δk(q, L) ≡ |ψi|2q/Pq(L). In Fig. S8, we show the mass exponent τq, generalized fractal dimension Dq and
singularity spectrum f(αq). The maximum value of f(α)/d is less than 1 due to the finite size effect (see Fig. S8 (d)
and (h)), whereas in the AL model, this value is equal to 1. These features mean that the wave functions in the MBL
phase have the same multifractal structure as that for the single-particle AL models. Noticed that in our model, the
localization happens in the virtual lattice, instead of the real space.
S4: Transfer matrix methods in high dimensional AL with correlated disorder and the estimation of Wc
In the d-dimensional AL model, the critical disorder strength is shown to be proportional to d (some more numerical
results in Ref. [38] show that Wc ∝ d ln(d)). For example, when d = 3, Wc = 7.9; when d = 4, Wc = 17.0 and when
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FIG. S8. Multifractal analysis of wave function and the similarity to single-particle AL. The first and second
columns give τq, Dq as a function of q, the third column give f(α)/d as a function of α/d and the last column give f(α)/d as
a function of L. The upper panel (a) - (c) give data for L = 24 and d = 4 (Wc = 1.09) and the down panel (e) - (g) for L = 16
and d = 6 (Wc = 2.38).
d = 5, Wc = 28.4. This critical boundary is much larger than the critical strength obtained in Fig. 3 in the main
text. To understand this difference, we try to determine the Wc using the transfer method. The drawback of this
method is that it can only deal with some physics in small quantum systems. We treat the d dimensional model with
the correlated disorder and with the uncorrelated disorder in equal footing, so as to provide useful insight into the
physics in our model.
To this end, we rewrite the Hamiltonian in the d-dimensional virtual lattice as
Hd =
∑
〈n,n′〉
J
2
(cˆ†ncˆn′ + h.c.) +
∑
n
ξncˆ
†
ncˆn, (S18)
where we ignore the boundary condition, thus ni ∈ [1, L] (i = 1, · · · , d). For d = 1, Eq. S18 can be rewritten as
H1 =
∑
n
J
2
(cˆ†ncˆn+1 + h.c.) +
∑
n
hncˆ
†
ncˆn. (S19)
Then we have cn+1 + cn−1 = 2J (E − hn)cn, where cn is the wave function on the n-th site and E is the eigenvalue.
This relation can be written in the transfer matrix form as [50](
cn+1
cn
)
=
(
2(E − hn) −1
1 0
)(
cn
cn−1
)
≡ Tn
(
cn
cn−1
)
, (S20)
where Tn is the transfer matrix, and we have set J = 1. In general, the transfer matrix is given by(
cn+1
cn
)
=
( Hn −I
I 0
)(
cn
cn−1
)
≡ Tn
(
cn
cn−1
)
, (S21)
where cn is the wave function on the n-th cross-section (the dimension is d − 1 with size Ld−1) and Hn is the
Hamiltonian of the n-th cross-section. Eq. S21 may be solved recursively for arbitrary initial conditions c1 and c0,
then, the wavefunction at N + 1, N are given by(
cn+1
cn
)
= TNTN−1 · · ·T1
(
c1
c0
)
(S22)
The propagation of the transfer matrix is shown in Fig. S9. To get the amplitudes, we can calculate the product of
the transfer matrix,
TN =
N∏
n=1
Tn = TN · · ·T2Q1R1 = TN · · ·T3Q2R2R1 = QNRN · · ·R1, (S23)
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FIG. S9. Propagation of the transfer matrix. (a) Schematic diagram of the quasi-one-dimensional chain along the
x-direction of cross-section Ld−1. Hi is the Hamiltonian in i-th cross-section. The sites at the same position in different
cross-sections only differ by a global random potential. For this reason, although the model itself is d dimension, its effect is
more likely to be a low dimensional one. (b) Scattering between different states between neighboring cross-sections, which have
identical scattering matrix when each cross-section is diagonalized.
where we use the QR decomposition (T ≡ QR). In the thermodynamic limit, we can define
Λ = lim
N→∞
ln(T †NTN )1/2N = lim
N→∞
ln(R†1 · · ·R†NRN · · ·R1)1/2N = lim
N→∞
ln(
N∏
n
R2n) (S24)
with eigenvalues λi (i = 1, · · · , L), where λi are the Lyapunov exponents. Then, the localization length ξ is given by
ξ = (mini=1···L |λi|)−1. From the theorem of Oseledec [50], we assume Λ exist.
In Fig. S10 (a) - (b), we show the transfer matrix results of Anderson model
HAL =
∑
〈i,j〉
(cˆ†i cˆj + h.c.) +
∑
i
εicˆ
†
i cˆi, (S25)
where εi ∈ [−W,W ] is the on-site random potential. The on-site correlation is 〈ε2i 〉 = W
2
3 . However, the on-site
correlation for Eq. S18 is given by 〈ξ2n〉 = dW
2
3 . For d = 3 (d = 5), we get Wc = 7.9± 0.45 (Wc = 28.4± 0.45), which
is consistent with the previous literature Wc ' 8.175 (Wc ' 28.75) [38].
In Fig. S10 (c) - (d), we show the localization length ξ(L)/L as a function of W for Eq. S18. The critical disorder
Wc ' 0.03 and Wc ' 0.28 for d = 3 and d = 5. One can see that the critical disorder Wc for the Anderson model
with the correlated disorder is much smaller than the Anderson model without correlated disorder. Noticed that this
value is still not converged due to the large localization length; however, its small value as compared with Fig. S10
(a) - (b), can still reflect some unique features of our idea for MBL. This result can be understood from the fact
that in Fig. S9, all the cross-sections have the same energy levels, thus the disorder will not induce strong scattering
between the different states in the neighboring cross-sections. For this reason, although the physics is essentially a
high dimensional model, the scattering is more likely to be a low dimensional one (see Fig. S9 (b)), thus Wc can be
small.
S5: MBL with fermion and boson models, physics with random interaction and the general picture for MBL
with Z2 symmetry
This section address three fundamental issues. Firstly, how to apply our new definition of MBL to fermion and
boson models; Secondly, what will happen in the presence of many-body random interaction, instead of random
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FIG. S10. Transfer matrix results for the d-dimensional AL without correlation (upper panel) and with
correlation (down panel). Here we plot ξ(L)/L as a function of the disorder W . (a) and (b) Anderson model in Eq. S25 for
d = 3 and d = 5, and the critical disorder are Wc = 7.9± 0.45 and Wc = 28.4± 0.45 (see the red shaded regimes), respectively.
These critical strengths are consistent with Wc = 8.175 for d = 3 and Wc = 28.75 for d = 5 presented in Ref. [38] with much
larger system sizes. For comparison, in (c) and (d) we present the AL with correlated disorder for Eq. S18 for d = 3 and d = 5,
which yield Wc = 0.03± 0.01 and Wc = 0.28± 0.08, respectively. Discussion about this result is presented in the text.
chemical potential; and finally, how to understand the physics with Z2 symmetry, for example in the XYZ model. We
aim to show that in all these different cases, our basic idea that MBL can be regarded as an infinite-dimensional AL
with infinite-range correlated disorder is always held.
A: Fermi-Hubbard model with the conserved number of particle
The same picture for fermion and boson can be realized in the following way. Let us consider the spinless Fermi-
Hubbard model in the following way. For the model [51],
H = −t
∑
i
cˆ†i cˆi+1 + H.c. + Unˆinˆi+1 + vinˆi, (S26)
where U is the interaction between the neighboring sites and vi is the random potential. We assume d particles in
this chain, thus we can define the following basis
|φn〉 = |n1n2n3 · · ·nd〉 = cˆ†n1 cˆ†n2 cˆ†n3 · · · cˆ†nd |0〉, 1 ≤ ni < ni+1 ≤ L, (S27)
which means that only ni-th site is occupied by one fermion particle. We find that this picture is the same as that
for the spin model, thus is not repeated here.
In the following, we discuss how to incorporate this idea for fermions with spin degree of freedom. To this end, let
us introduce the concept of flavor s, which accounts for the possible the spin degree of freedom. Then the model may
be written as [14]
H = −t
∑
i,s,s′
cˆ†i,scˆi+1,s + H.c. + Us,s′ nˆi,snˆi+1,s′ + vi,snˆi,s, (S28)
where nˆi,s = cˆ
†
i,scˆi,s. Let us consider the simplest case, as shown in Fig. S11, in which the spin degree of freedom
can be denoted as some kind of flavor (spin configuration) in each site. In this case, the basis can still be defined in
a similar way as Eq. S27, with
|φn〉 = |n1s1n2s2n3s3 · · ·ndsd〉 = cˆ†n1s1 cˆ
†
n2s2
cˆ†n3s3 · · · cˆ†ndsd |0〉, (S29)
16
FIG. S11. Flavors in MBL for spinful fermions and bosons. Example for (a) 1-dimensional, (b) 2-dimensional virtual
lattice. In each site, the spin degree of freedom in the Fermi-Hubbard model or Bose-Hubbard model can be regarded as some
kind of flavor. In this way, each site in the d-dimensional virtual lattice can contain structure, which does not influence our
basic picture for MBL.
where nisi represents the creation of a fermion with spin si at the ni-th site and the boundary condition is 1 ≤ n1s1 ≤
n2s2 ≤ n3s3 ≤ · · · ≤ ndsd ≤ L (nisi = njsj only if si 6= sj). The total number of excitation should be taken the flavor
into account, thus
d =
∑
i,s
δ(nis − 1). (S30)
B: Bose-Hubbard model with the conserved number of particle
The most widely explored 1D spinless Bose-Hubbard model can be written as [26]
H = −t
L∑
i
bˆ†i bˆi+1 +H.c.+
U
2
nˆi(nˆi − 1) + vinˆi, (S31)
where nˆi = bˆ
†
i bˆi. Let us denote the basis in the same way as Eq. S27 with 1 ≤ n1 ≤ n2 ≤ n3 ≤ · · · ≤ nd ≤ L, where
ni represents the creation of a boson at the ni-th site and d is the total number of particles. We see that except the
boundary condition added ni = nj , all the other issues are exactly the same as that for the spin model.
However, for a spinful Bose-Hubbard
H = −t
L∑
i
bˆ†i,sbˆi+1,s +H.c.+
Ui,s
2
nˆi,s(nˆi,s − 1) + vi,snˆi,s, (S32)
where nˆi,s = bˆ
†
i,sbˆi,s. Similar to the spinful fermion case, the basis can be defined in Eq. S29 and the spin degree of
freedom can be denoted as some kind of flavor in each site, which shows in Fig. S11.
We can conclude that our basic picture of MBL as some kind of AL in the virtual lattice with the correlated disorder
should be true even for spinful fermions and bosons.
C: Effect of random interaction and the equivalent long-range correlated random potential
Here we want to show that in the presence of random on-site many-body interaction, instead of random on-site
disorder potential, will yield the same physics. To this end, we consider the XXZ model with periodic boundary
condition in the following way,
H =
∑
i
J(Sxi S
x
i+1 + S
y
i S
y
i+1) + J
i
zS
z
i S
z
i+1 + h
∑
i
Szi , (S33)
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where J iz is some kind of random interaction between i-th site and (i + 1)-th site. It is well-known that this term,
after Jordan-Wigner transformation, will be reduced to the fermion model with many-body interaction. Following the
main text, the wave function with d spin excitation can be defined in Eq. 4. With the same method, The equivalent
single particle tight-binding Hamiltonian for Eq. S33 is given by
H =
∑
〈n,n′〉
J
2
(cˆ†ncˆn′ + h.c.) +
∑
n
[−h
2
(L− 2d) + η + ξn]cˆ†ncˆn, (S34)
where η =
∑L
i
Jiz
4 and the random potential
ξn = −1
2
(Jn1−1z + J
nd
z )−
1
2
d−1∑
i
[(1− δmi,1)(Jniz + Jni+1−1z )], mi = ni+1 − ni. (S35)
If we let J iz ∈ [−W,W ], for two sites (n 6= n′), the correlation of the random potential is given by
〈ξnξn′〉 = 〈1
4
∑
i,j
(Jni−1z J
n′j−1
z + J
ni−1
z J
n′j
z + J
ni
z J
n′j−1
z + J
ni
z J
n′j
z )〉 = 〈1
4
k∑
D
(Jniz )
2〉 = kW
2
12
, (S36)
where D ≡ [(ni = n′j) or (ni = n′j − 1) or (ni − 1 = n′j)] and k ≤ d. This means that the disordered many-body
interaction also introduces long-range correlated disorder in the virtual lattice. However, these two cases have an
important difference. In the model with random on-site potential, AL and MBL may co-exist; while in the case with
random many-body interaction, the single-particle AL (for d = 1) is strictly absent. This observation is suggestive
that AL and MBL may be two totally different concepts, as discussed in the introduction of the main text.
D: XYZ model with Z2 symmetry
In the above discussion, Sz in the XXZ model and the total number of particles in the fermion and boson models
are conserved quantities, which divide the whole Hilbert space into different subspaces. In this case, the dimension d
is well defined. In the following XYZ model,
H =
∑
i
JxS
x
i S
x
i+1 + JyS
y
i S
y
i+1 + JzS
z
i S
z
i+1 + hiS
z
i , (S37)
the Sz is not commuted with H, thus it is not a good quantum number. In this case, the good quantum number is
characterized by
Pz =
∏
i
Szi , (S38)
thus P 2z = 1 and Pz = ±1. This Z2 symmetry is reflected from the fact that Szi → Szi and Sx,yi → −Sx,yi for all i.
In this case, the subspaces defined in the XXZ model can still be defined, however, they will be coupled by the XYZ
model. In all these subspaces, the cases with d ' L/2 have the largest weight (noticed that from the Stirling formula,
CdL will approach a Gaussian distribution centered at d = L/2, with variance σ
2 = L). For this reason, the MBL
happened in this case can still be regarded as an infinity dimensional AL.
Let us briefly mention that after a Jordan-Wigner transformation, this model is reduced to the superconducting
model, where Jz is reduced to the interaction term. In this case, the above Z2 symmetry is reduced to the parity
symmetry with even number of particles and odd number of particles. The similar physics happens to the boson
models. For this reason, even in the case with other symmetries, the MBL phase can still be interpreted as some kind
of AL in infinite-dimensional.
S6: Different from our definition of MBL and the previous model with Fock state in the Bethe lattice
In this section, we aim to discuss the relation between our model and the previous definition of MBL in the lattice
constructed by the Fock states, which in some limiting cases can be reduced to the cycle-free Bethe lattice. Our new
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FIG. S12. Fock space configuration and lattice constructed by these generations. (a) Fock states: the ground state
of N − 1 particles is defined by |G〉; the 1-th, 3-th and 5-th generation are given by Yα, Yαβγ and Yαβνγµ . (b) Lattice formed
by these generations due to coupling induced by the many-body interaction. In some limiting case, this complicated lattice
structure can be reduced to the cycle-free Bethe lattice (see main text). (c) Effective hopping between different generations
and the same generations give on-site potential. Any state from generation 2n− 1 is connected to states from 2n− 5, 2n− 3,
2n− 1, 2n+ 1, or 2n+ 3.
definition of MBL can be regarded as some kind of conceptional extension of the previous model by placing the Fock
space in a d dimensional virtual lattice.
In the previous section, we have shown that our picture for MBL is applicable to spin, fermion and boson models.
Here we consider the following many-body model, following the discussion in Ref. [19]
H =
∑
α
εαcˆ
†
αcˆα +
∑
xyzw
Vxyzw cˆ
†
xcˆ
†
y cˆz cˆw. (S39)
Let |G〉 = |N − 1〉 to be the ground state of N − 1 particles, then the Fock states can be constructed using
Yi1,i2,··· ,inj1,j2,··· ,jn−1 = cˆ†i1 cˆ†i2 · · · cˆ†in cˆj1 cˆj2 · · · cˆjn−1 |G〉, (S40)
which represents n particles and n − 1 hole, form the 2n − 1 generation, which are shown in Fig. S12 (a). In these
basis, the localization occurs in the Fock space of many-body states, rather than in the real space. Both single-particle
and two-body interaction can be introduced into the on-site potential. By the two-body interaction, any state from
generation 2n − 1 is connected to states from 2n − 5, 2n − 3, 2n − 1, 2n + 1, or 2n + 3, which is shown in Fig. S12
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(c). The lattice in the Fock space of many-body states shows in Fig. S12 (b). However, in Ref. [19], the coupling
between the next nearest neighbors are ignored, which means that Vxyzw = 0 for x 6= y 6= z 6= w and any state from
generation 2n− 1 is connected to states from 2n− 3, 2n− 1, or 2n+ 1. In this limit this complicated lattice (see Fig.
S12 (b)) can be reduced to the cycle-free Bethe lattice (BL).
We find that the above picture is different from our picture for MBL, though a similar basis is used. In the BL
lattice model, the Fock space is represented by a single node characterized by different generations, while the structure
of these nodes is not specified. However, in our model, it is characterized by the nodes in the d dimensional lattice
subjected to some proper boundary condition. We show in Fig. S7 that when L → ∞, the dimension D0 → d, thus
the boundary effect may be neglected. Moreover, in our lattice model, no approximation is required, which naturally
yields nearest neighboring interaction (see Fig. 1 (b) and Fig. 1 (c) in the main text), thus can be much more easily
formulated during the numerical simulation. In our model, the dimension d has specific physical meaning, thus from
the conceptional point of view, our lattice model is much more transparent than the BL lattice based on different
”generations”. In our model, the construction of |G〉 is not necessary. Since each node has definite physical meaning,
this d-dimensional virtual lattice may also be useful to understand the evolution of entanglement entropy, which may
contain the contribution from both the configurational entanglement entropy and number entanglement entropy [12].
This new definition of MBL may also be useful to understand the absence of mobility edge in the experiment [9, 17].
